In \S 2, as a preliminary, we show that linearly compact modules are finite dimensional. In \S 4 we consider the relations between linearly compact modules and injective cogenerators with essential socles and obtain more detailed results (Theorem 6, Theorem 7). In \S 5 we shall state some applications of our considerations.
in \S 3, we have the following THEOREM (THEOREM 2). For a left' R-module $RM$ the following conditions are equivalent:
(1) $RM$ is linearly compact. With the aid of this characterizations, we can show that a linearly compact module is necessarily complemented (Theorem 5) , and, as a special case of this, that a linearly compact ring is semiperfect. Also, as a corollary of our theorem, we see that a ring $R$ is a two-sided cogenerator $(=both$ In \S 2, as a preliminary, we show that linearly compact modules are finite dimensional. In \S 4 we consider the relations between linearly compact modules and injective cogenerators with essential socles and obtain more detailed results (Theorem 6, Theorem 7). In \S 5 we shall state some applications of our considerations.
Throughout this paper we assume that all rings have an identity element and all modules are unital. Let $RM$ and $RN$ be two left R-modules and $S=End(RN)$ the endomorphism ring of $RNRN_{s}$ is then naturally a two-sided R-S-module. We shall denote the right S-module $Hom_{R}(M, N)_{S}$ by $M_{s}^{*}$ and the left R-module ${}_{R}Hom_{S}(M^{*}, N)$ by $RM^{**}$ and call them, respectively, the N-dual and the N-bidual of $RM$ There is a natural R-homomorphism $\varphi$ of $RM$ into $RM^{**}$ which is defined by
when $\varphi$ is a monomorphism, we say that $RM$ is N-torsionless, and, when $\varphi$ is an isomorphism, we say that $RM$ is N-reflexive. It is easy to see that $RM$ is N-torsionless if and only if, for each nonzero element a of $RM$, there exists $f\in M^{*}$ such that $f(a)\neq 0$ . As usally, for a subset $X(Y)$ of $RM(M_{s}^{*})$ , we denote the submodule { $f\in M^{*}|f(a)=0$ for all $a\in X$ }{ $(a\in M|f(a)=0$ for all $f\in Y)$ } of $M_{S}^{*}(_{R}M)$ by 1) See, also, [3] , p. 111. PROOF. This is more or less known. But, for completness, we shall give here a proof for it. Let $M/u$ be N-torsionless. Suppose $Ann_{M}(Ann_{M^{*}}(u))$ $\supset+u$ and let a be an element of $Ann_{M}(Ann_{Jf^{*}}(u))$ which does not belong to 
PROOF. Let $u=\sum_{i=1}^{n}f_{i}S$ . It suffices to prove that there exists an element
$m\in M\}$ ( $\subseteq RQ^{(n)}$ , the direct sum of n-copies of $RQ$) and suppose that $z$ : 
Then, again by Theorem 1, we see that the system of congruences $x\equiv x_{f}$ (mod ker $(f)$ ) is finitely solvable. Let a be a solution for it. Then we PROOF. This follows direct from definition. But (1) $RM$ is cofinitely generated.
(2) The socle of $RM$ is finitely generated and an essential submodule of $RM$ THEOREM 4. A left R-module $RM$ is artinian $\iota f$ and only $\iota f$ every epimorphic image of $RM$ is cofinitely generated. COROLLARY (Sandomierski) . Let $RM$ be a left R-module and $S=End$ $(_{R}M)$ . If the right S-module $M_{S}$ is injective, then $RM$ can not be an infinite direct sum of nonzero submodules.
PROOF. Since $RM$ is M-reflexive, this is a direct consequence of Proposition 2.
A ring $R$ is called a left V-ring if every minimal left R-module is injective. It is known that a ring $R$ is a left V-ring if and only if every left R-module has a zero radical. (See, for example, [8] 
